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Abstract 

An (n, k) unitary design is an n by n matrix U, where each entry is 
a complex linear combination of Zi,Z*, i = 1, ...,k, such that U H IA = 
(|zi| 2 + ... + \zk\ 2 )I n - Based on the work of Tirkkonen and Hottinen, 
which first proved a ^°fo 8 "LV upper bound of k/n by making a crucial 
observation between unitary design and group representation, we prove 
the structure theorem of unitary design. 



1 Backgroud and Related Work 

Complex orthogonal design O with parameter (p, n, k) is a p x n matrix where 
each entry is a complex linear combination of z\,...,Zk such that O h O = 
(\zi\ 2 + . . . + \zk\ 2 )I n . Generally, we are interested two kinds of problems: 

• (Parameter) For what p,n,k, there exists a (p,n,k) complex orthogonal 
design? 

• (Structure) What is the structure of (p, n, k) complex orthogonal design? 

An (n, k) unitary design is an (n, n, k) complex orthogonal design, which is also 
called square complex orthogonal design. 

For unitary design, Tirkkonen and Hottinen [llj proved an upper bound 
^^og" "V °f k/n by making a crucial connection between unitary design and 
group representation (Clifford algebra). In fact, following their observation, 
the structure of unitary design could be clarified, which is what we did in this 
paper. In |13j . Liang proved that (n,k) unitary design, n — 2 a (2b + 1), exists 
if and only if k < a + 1, which follows from an observation that an (n, k) 
unitary design induces a family of 2k matrices in GL n (C) such that all nonzero 
linear combinations are nonsingular. It is known that the size of such family 
of matrices is bounded by 2a + 2, which is a highly nontrivial result proved by 
J. F. Adams, Lax and Phillips in [I], 0, [3]. 

For complex orthogonal design, both the parameter and the structure prob- 
lem are wide open, and little is known except some restricted cases. In |22) . 
Wang and Xia proved that k/p < 3/4. In |13j . when linear combination is not 
allowed, i.e., each entry is ±Zi,±z* or 0, Liang proved a tight upper bound 
2 ™ +l of k/p, where m = \^~\. In [B], [7], S. S. Adams, Karst, Murgugan, and 
Pollack proved a tight upper bound of p when k/p reaches the maximal for 
CODs without linear combinations. By putting a further restriction that sub- 
matrices \ Z J I and \ Z J> P ) are forbidden, Li and Kan solved both 



±z* J \ ±z 3 



the parameter and structure problem [13] . 
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The aforementioned investigation of COD is motivated by space-time block 
codes in wireless communication systems with multiple transmit and receive 
antennas. Since the pioneering work by Alamouti 8 in 1998, and the work 
by Tarokh et al. [T^], [50], complex orthogonal designs have become an effec- 
tive technique for the design of space-time block codes (STBC). Because of its 
applications in space-time block codes, quite a lot of constructions have been 

proposed a, 0, m na, na, be ei, bbi, m- 

In this paper, we solve the structure theorem of unitary design, which says 
every (n, k) unitary design is equivalent to some simple canonical form, thus 
classifies all (n, k) unitary designs into -^£=1 different classes. 



2 Main Result 

Definition 1. An (n,k) unitary design is annx n matrix U, where each entry 
is a complex linear combination of Zi, z% , i = 1, . . . , k, such that 

U H U = (\z 1 \ 2 + ... + \z k \ 2 )I n . 

Assuming U is an (n, k) unitary design, and V, W € U n , then VUW is also 
an (n, k) unitary design. Because 

(VUW) H (VUW) = W H U H V H VUW 

= W H U H UW 

= W H (\ Zl \ 2 + ... + \z k \ 2 )I n W 

= (|z 1 | 2 + ... + |z fc | 2 )/„. 

We say unitary designs U and VUW are equivalent, which defines an equivalence 
relation. 

Before stating our main result, we need to define a set of canonical unitary 
deigns. Let 

Ci = (zi) 



For k > 1, let 



.7 _ 1 Ck-i z k I 2 k-\ 

L k — I _* r nH 

-z k i 2 k-i c k _ 1 



And define C k by replacing Zk by z k in Ck ■ 

Let's verify Ck and C k are unitary designs by induction. Since \zk\ — \*k\ > 
it's sufficient to prove Ck is unitary design. When k = 1, it's obvious. Assuming 
Cfe_i is an unitary design, let's verify Ck- 

nH n _ ( Ck-1 Zkl2 k - 1 \ ( Ck-1 Zfeia^- 1 

k k \-4h^ cf_ x ) \-zthu-, c*_ x 

C-k-lCk-l + |zfc| 2 / 2 fc-2 

cf^Cfe-! + M 2 / 2fc 

(|z 1 | + ... + |z fc | 2 )/ 2fc - 2 

(|z 1 | 2 + ... + |z fe | 2 )/ 2fc - 2 

(\z 1 \ 2 + ... + \z k \ 2 )I 2 „-i, 
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where the last second step is by induction hypothesis that C^_ x Ck-i = (\zi\ 2 + 

... + \z k ^l\ 2 )I 2 k-2. 

Now we are ready to state our main result, which is a structure theorem of 
unitary design. 

Theorem 2. An (n, k) unitary design U exists if and only if 

k < a+ 1, 

where n = 2° (26 + 1), and there exists V 1 W G U n such that 

U = Vdiag(C£,C±,...,C±)W 
/«/2 fe - 1 \ 

= W ctjw, 

where denotes either C k or . 

Before starting to prove, let's briefly sketch the overall idea. First, the exis- 
tence of an unitary design implies the existence of a set of matrices E\ , . . . , E 2k € 
U n such that, for any i =/= j, 

EfE, + EfEi = 0. (1) 

Then following a crucial step made in [TT], define Gi = E^Ei, which is also 
unitary, then (fTJ) becomes 

GiGj = —GjGi (2) 

for all i ^ j, and G\ — — 1 for all i € {2, ... , 2k}. If we view g 2 , . . . , g2k as a 
set of generators of a group satisfying relations <?? = — 1 and = —gjgi, then 
matrices G 2l . . . , G 2k is a linear representation of the group. In fact, this is the 
defining relation of generators of Clifford algebra, which has been well studied 
in mathematics. By some classical results on the representations of finite group, 
it turns out that this group has only two nondegenerate irreducible representa- 
tions, which are induced by exactly . Since any linear representation of finite 
group can be decomposed into a direct sum of irreducible ones, we obtain our 
structure theorem. 

Let's start our proof formally. Given an (n, k) unitary design U, writing 
Zi = X{ + \J— lj/i, Xi, yi £ R, expand U as follows. 

k 

u = J2M + z t B i) 

k 
i=l 

k k 
i=l i=l 

For convenience, let Ei = Ai + Ei +k = \J — 1(A; — Bi) and x k +i = xi. Then, 

2k 



U = Y;X i E i . (3) 
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By taking Xi = 1 and all others 0, from condition U H U = (|zi| 2 + . . . + |zfc| 2 )/ r i, 
we have 

EfEi = I n . (4) 
By taking Xi = Xj = 1 and all others 0, we have 

E?Ej + EfEi = 0. (5) 

On the other hand, if (0} and ([3]) are satisfied, 

/2k \ H /2k \ 



\i=l / \i=l / 

2k 

XiEfEi + X * X J i E i E i + E f E i) 

i=l l<i<j<2k 



which means JT| and J5| arc both necessary and sufficient. So, we have the 
following proposition. 

Proposition 3. An (n, fc) unitary design exists if and only if there exists ma- 
trices E±, . . . , Eik € U n , such that 

Ef Ej + EfEi = 

for alll<i^j< 2k. 

For convenience of description, let's left shift the indices of Ei and x\ by 1. 
Let's define G t = EfEi. Then Gf G, = {Ef E t ) H (E^ E,) = Ef E Ef E, = I n , 
which means Gi is also unitary. Further, Gi is anti-Hermitian, whence 

Gf = ((Eo) H Ei) H — EfE — —EfEi = —Gi, 

where the last second step is from EfEi + EfEo = 0. Further, we have 

i j — — i 3 

= -(E Ei) H '{Ef Ej) = -EfE EfEj 

TpH tp TpH tp jpH jp jpH jp 

= (Ef Ej) H (Ef Ei) = GfGi 
= —GjGi, 

which means Gi and Gj are anti-commuting. 

Now, let's artificially define a group G2k-i generated by gi, ... , <?2fc-i satis- 
fying gf = — 1 and <7;<?j = —gjgi- Notice that 1 and —1 are simply two elements 
in the group, where 1 is the identity, and gi,—gi are two different elements 
satisfying —g^ — (— l)^. Formally, the group consists of the following elements 



{±Y[ gi :SC{l,...,2k-l}}. 
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Thus, the size of the group G 2 k-i is 2 2fe . 

Lemma [3] and Lemma [5] are about the irreducible representations of the 
group £/2fc-i, which are proved in [TT], and we reproduce the proof here for 
completeness. 

Lemma 4. For group Q 2 k-i, if p is an irreducible representation with dim > 1, 
then p' defined by p'(gi) = p{gi) for all i ^ 1, and p'(gi) — — p{gi) is another 
2 k ~ 1 dimensional irreducible representation. 

Proof. First, notice that ]^[? 7" 1 ^ is a central element of the group. Because 
for any S C {1, . . . , 2k — 1}, where S = {si, . . . , s;}, 

(lift) (lift) - c-d^v ( 2 ffft) ( n ft 

\ »=1 / \ieS J \ »=1 / \iG5\{si} 

= 5si5 S2 ( n ^ ) n ft 

\i=i / VieS\{s 1 ,s 2 } 



lift) fffft) 



By Schur's lemma, since p is irreducible, 1 9i) = ^n, where A £ C, which 

implies 

p(ff2 ■ ■■92k-\) = p{~gl)p(92 ■ ■■92k-i) = p(-gi)p(gi ■ ••52/fe-i) = -p(gi)XI n , 

i.e., ^ 

= -V/»(52.-.ff2fc-l)- (6) 

Assume to the contrary that there exists a similarity transformation T £ GL n (C) 
such that p' = T~ 1 pT. By the definition of p', we have 

P(fifi) = T~ 1 p{g l )T 

for alii = 2,...,2fc- 1. And 

p'( 9l ) = T- l p{ 9l )T 

= T^ 1 (--p(g 2 )p(gz) . ..p(g 2 k-i))T 

= ~{T- l p{g 2 )T){T- l p{gz)T) . . . (T" 1 p(g 2k -i)T) 

= -jp(92)---p(g2k-i) 
= p{gi), 

which is a contradiction! □ 

Next lemma shows that there are only two nondependence irreducible rep- 
resentations of G 2 k-i, and both of them are of dimension 2 fc_1 . 

Lemma 5. Group Q 2 k-\ has 2 2k ~ 1 + 2 irreducible representations. Two are 
2 k ~ 1 dimensional, 2 2k ~ 1 are 1- dimensional. 
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Proof. First, let's construct 2 nonequivalent one-dim representations. For 
any J C {1, . . . , 2k-l}, let p(l) = p(-l) = 1, p{g t ) = 1 if i £ J and p(gj) = -1. 
It's easy to see p is a representation of Q<xk— x, and they are nonequivalent. 
Then, apply the counting formula, e.g. section 2.4 in |16) . 

I 

|<?2A-l| = X!^' 
i=l 

where ni is the dimension of each irreducible representations, and / equals the 
number of conjugacy classes. We claim I — 2 2k ~ 1 + 2, which will be proved at 
the end of this proof. By the existence of 2 2k ~ 1 one-dim representations, and 
Lemma 31 we have 

2n\ = 2 2k -\ 

which implies m = 2 k ~ 1 , i.e., there exist two irreducible two representations 
with dimension 2 fc_1 . 

Finally, we need to prove our claim: there are 2 2k ~ 1 + 2 conjugacy classes. If 
an element commute with all elements, then itself forms a conjugacy class; oth- 
erwise, itself and its negation forms a conjugacy class. For ±1, ± J^J. . 1 1^, they 
belong to the former case; for any ^ S C [2k— 1], with S — {s%, . . . , s m }, there 
exists s' m £ S, it's easy to verify ± Ylics 9i 1S anti-commuting with (Jlti s i) s 'm- 
Therefore, there are 2 2k ~ 1 + 2 conjugacy classes, which completes our proof. □ 

In fact, we can write down all the irreducible representations explicitly, for 
example, see [11]. However, we could avoid doing that. 

Lemma 6. Unitary designs Ck and induces two nonequivalent 2 fc_1 dimen- 
sional irreducible representations. 

Proof. Denote by p and p 1 the group representations induced by Ck and . 
Since dimp = 2 fc_1 , by Lemma [5J p is either irreducible or a direct sum of 2 fc_1 
one-dim representations. Since all one-dim representation is degenerate, and p 
is non-degenerate, it should be a 2 k ~ 1 dimensional irreducible representation, 
as well as p'. 

As usual, let C k = $3i=i ( z i A i + z i B i)> and then Ei = A4 + B it E i+k = 
y/—l(Ai — Bi). The only difference between C k and is that z k is conjugated, 
which results in swapping A k and B kl and thus E^k is negated while all the 
other Ei's are unchanged, i.e., only G2fc-i is negated. By Lemma 01 we know 
that p' is another irreducible representation different from p. □ 

Before proving the structure theorem, let's prove a lemma about unitary 
representations of a finite group, which says if two unitary representations are 
similar, then they are unitarily similar, in the sense that the linear transfor- 
mation is unitary. We feel that this result is very likely to be known in math 
literature. 

Lemma 7. Let tt, a : G — > U n (<C) be two unitary representations of finite group 
G. If k,<J are equivalent, i.e., there exists T S GL n (C) such that 

Tn(g) = a(g)T, Vg e G, 

then tt and a unitarily equivalent, that is, there exists T' € U n such that 

T'n(g) = a(g)T', V.g G G. 
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Proof. Prove by construction. Since Tit = aT and 7r is unitary, which implies 
tt( 5 )* = nig- 1 ), we have irT* = {tt^YT* = (Tir- 1 )* = (a~ l T)* = T*(a^ 1 )* = 
T*a. Thus, T* also intertwines with tt and a. Define \T\ = VT*T, which is 
meaningful since a positive-semidefinite Hermitian matrix has a unique positive- 
semidefinite square root. 

Letting T = T\T\~ X , we claim this is the desired V. First, let's verify that 
T' is unitary. 

T'T' = (TlTl^yTlT]- 1 



\ T \-i T * T \ T \ 



= m-MTPm- 1 = i. 



Then, let's verify V intertwines, i.e., T'tt = oT', which is TIT^tt = aTlT]- 1 = 
TTrlrl" 1 . Since T is invertible, it suffices to prove |T| -1 tt = vrlTl" 1 , that is, \T\ 
commutes with n. Notice that T*T commutes with 7r, since T*Tix = T*o~T — 
TtT*T, and \T\ can be approximated by polynomials in T*T (For example, ex- 
pand the square root in Taylor series). Combining with the fact that every 
polynomial in T*T commutes with 7T, we have \T\ also commutes with tt, which 
completes our proof. □ 

Now, we are ready to prove the structure theorem of unitary designs. 

Proof. Let U be an (n, k) unitary design. As in ([3]), splitting the real part and 
imaginary part, write 

U = xiEx + x 2 E 2 + . . . + x 2 kE 2 k- 

As usual, let Ei = E i+ i, i = 0, . . . , 2k - 1, and Gi = E^ E{ for i = 1, 2, . . . , 2k - 
1. It turns out G\,... ,G 2 k-i induce a representation p, which is an unitary, 
nondegenerate representation of group G 2 k-i- 

Since every representation of a finite group is a direct sum of irreducible 
ones, e.g., section 1.4 in [16], there exists T £ GL n (C) such that 



d = T 1 Pl (gi) © . . . 8 p m (9i)T 



V 



P2(ffi) 



(7) 



Pm{gi)J 

where pi,... ,p m are irreducible representations of group G 2 k-i- By Lemma [71 
T could be chosen to be unitary. 

Next, we shall show that pi,... ,p m are all nondegenerate. Otherwise, as- 
sume pi is degenerate without loss of generality, i.e., pi(l) = pi(—l). Then, 



Mi) 



p(gi) =d=T- 



P2(l) 



\ 



Pm(l)Tj 



and 



/ pi(-l) = pi(l) 



p(-g 1 ) = -G 1 =T- 



P2(-l) 



Pm(-1)TJ 
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Thus 



Mi) 



p 2 (i) 



\ /-Mi) 



-Pa(-l) 



V 



Pm(l)/ 



V 



1)/ 



which implies pi(l) = — pi(l) => pi = 0. Contradiction! 

By Lemma[5l all non-degenerate irreducible representations are of dimension 
2 fc_1 , we have dim(pi) = 2 fe ~ 1 for i = 1, . . . , m, which implies n = m2 i.e., 
2 a (2b + 1) = m2 fc ~ 1 =>■ fc < a + 1, which proves the first part of the theorem. 

In order to prove the second part, what we do next is to expand IA by ([7]). 
By definition, G % = Eg E z E, = E^. By ©, 



(pi{m) 



E, = EnT' 1 



Pm(9i)J 



Then, 
W = xqEq + x\E\ 



2k-l 



x q Eq + ^2 XiE T 1 



X2k-\Elk-\ 

(p\{9%) 

P2(g t ) 



V 



T 



Pm(gi)J 



/v^2fc-l / 



EqT-^Ix^t + e q t- 1 

(x I + Y,iii 1 X iPl(9i) 



V 



T 



J2 i= i x l p m (g i )J 



= EnT- 



E T- 



\ 



%0l + J2i=l x iPm{gi)J 



T 



T. 



Setting V — EqT 1 and W — T, the second part of theorem is proved. 



□ 



Now, both the parameter and the structure problem of unitary design (square 
complex orthogonal design) are solved. For further research, it's tempting to 
apply the group representation approach for the nonsquare complex orthogonal 
if possible. 
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